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Abstract
A permutation pi ∈ Sn is said to avoid a permutation σ ∈ Sk whenever pi contains
no subsequence with all of the same pairwise comparisons as σ. For any set R of
permutations, we write Sn(R) to denote the set of permutations in Sn which avoid
every permutation in R. In 1985 Simion and Schmidt showed that |Sn(132, 213, 123)|
is equal to the Fibonacci number Fn+1. In this paper we generalize this result in several
ways. We first use a result of Mansour to show that for any permutation τ in a certain
infinite family of permutations, |Sn(132, 213, τ)| is given in terms of Fibonacci numbers
or k-generalized Fibonacci numbers. In many cases we give explicit enumerations,
which we prove bijectively. We then use generating function techniques to show that
for any permutation γ in a second infinite family of permutations, |Sn(123, 132, γ)| is
also given in terms of Fibonacci numbers or k-generalized Fibonacci numbers. In many
cases we give explicit enumerations, some of which we prove bijectively. We go on to use
generating function techniques to show that for any permutation ω in a third infinite
family of permutations, |Sn(132, 2341, ω)| is given in terms of Fibonacci numbers, and
for any permutation µ in a fourth infinite family of permutations, |Sn(132, 3241, µ)| is
given in terms of Fibonacci numbers and k-generalized Fibonacci numbers. In several
cases we give explicit enumerations. We conclude by giving an infinite class of examples
of a set R of permutations for which |Sn(R)| satisfies a linear homogeneous recurrence
relation with constant coefficients.
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1 Introduction
Let Sn denote the set of permutations of {1, . . . , n}, written in one-line notation, and suppose
pi ∈ Sn and σ ∈ Sk. We say pi avoids σ whenever pi contains no subsequence with all of the
same pairwise comparisons as σ. For example, the permutation 214538769 avoids 312 and
2413, but it has 2586 as a subsequence so it does not avoid 1243. If pi avoids σ then σ is
sometimes called a pattern or a forbidden subsequence and pi is sometimes called a restricted
permutation or a pattern-avoiding permutation. Pattern avoidance has proved to be a useful
language in a variety of seemingly unrelated problems, from stack sorting [14, Ch. 2.2.1],
to singularities of Schubert varieties [19], to Chebyshev polynomials of the second kind
[7, 16, 26], to rook polynomials for a rectangular board [25].
One important and often difficult problem in the study of restricted permutations is the
enumeration problem: given a set R of permutations, enumerate the set Sn(R) consisting of
those permutations in Sn which avoid every element of R. The earliest solution to an instance
of this problem seems to be MacMahon’s enumeration of Sn(123), which is implicit in chapter
V of [21]. The first explicit solution seems to be Hammersley’s enumeration of Sn(321) in
[12]. In [14, Ch. 2.2.1] and [15, Ch. 5.1.4] Knuth shows that for any σ ∈ S3, we have
|Sn(σ)| = Cn, the nth Catalan number. Other authors considered restricted permutations
in the 1970s and early 1980s (see, for instance, [29], [30], and [31]) but the first systematic
study was not undertaken until 1985, when Simion and Schmidt [32] solved the enumeration
problem for every subset of S3. More recent work on various instances of the enumeration
problem may be found in [2], [3], [5], [6], [11], [17], [18], [23], [22], [24], [25], [26], [33], [34],
[35], [36], and [37].
In this paper we are concerned with instances of the enumeration problem whose solutions
involve the Fibonacci numbers Fn or the k-generalized Fibonacci numbers Fk,n. (See section
2 for definitions.) The earliest example of such a result is Simion and Schmidt’s proof [32,
Prop. 15] that
|Sn(123, 132, 213)| = Fn+1 (n ≥ 1). (1)
Somewhat later West used generating trees to show [37] that for many sets R consisting of
one pattern of length three and one of length four, |Sn(R)| = F2n−1. More recently Mansour
expressed [23, Thm. 3] the ordinary generating function for |Sn(132, 213, τ)| as a determinant
for every τ ∈ Sk(132, 213). Using this result, Mansour showed that
|Sn(132, 213, 2341)| = Fn+2 − 1 (n ≥ 1)
and
|Sn(132, 213, 1234)| = Tn+1 (n ≥ 1).
Here Tn is the nth Tribonacci number, defined by T0 = 0, T1 = T2 = 1, and Tn = Tn−1 +
Tn−2+Tn−3 for n ≥ 3. Mansour also expressed [23, Thm. 1] the ordinary generating function
for |Sn(123, 132, τ)| as a determinant for a large class of permutations τ ∈ Sk(123, 132). Using
this result, Mansour showed that
|Sn(123, 132, 3241)| = Fn+2 − 1 (n ≥ 1)
and
|Sn(123, 132, 3214)| = Tn+1 (n ≥ 1).
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In this paper we begin by using Mansour’s determinant formula [23, Thm. 3] to show
that if a, b, and c are nonnegative integers with b ≥ 1 and a+ c ≥ 1 then
∞∑
n=0
|Sn(132, 213, βa,b,c)|x
n =
(1− x)a+c + xb
(
a+c−1∑
i=0
(1− x)ixa+c−i+1
)
(1− x)a+c(1− x− . . .− xb−1)
,
where βa,b,c is the permutation in Sa+b+c given by
βa,b,c = a + b+ c, a+ b+ c− 1, . . . , b+ c+ 1, c+ 1, c+ 2, . . . , b+ c, c, c− 1, . . . , 2, 1.
We go on to give a bijective proof that for n ≥ 1,
|Sn(132, 213, βa,b,c)| =
a+c−1∑
k=1
(
n− 1
k − 1
)
+
n∑
k=a+c
(
k − 1
a + c− 1
)
Fb−1,n−k+1.
We then turn our attention to some of those permutations γ ∈ Sn(123, 132) to which
Mansour’s determinant formula [23, Thm. 1] does not apply. For all nonnegative integers
a, b, and c, we give recurrence relations for the generating function for |Sn(123, 132, γa,b,c)|,
where γa,b,c is the permutation in Sa+b+c+1 given by
γa,b,c = a+ b+ c+1, a+ b+ c, . . . , b+ c+2, b+ c, b+ c−1, . . . , c+1, b+ c+1, c, c−1, . . . , 2, 1.
Using these relations, we show that for all n ≥ 3 and all b ≥ 3,
|Sn(132, 123, γ0,2,2)| = Fn+2 + Fn − 3 (2)
and
|Sn(132, 123, γ0,b,2)| =
(
1
b− 1
)(
3Fb,n+1 + (b− 4)Fb,n−1 + 3
b−1∑
i=3
(b− i)Fb,n−i+1 − 3
)
. (3)
We give several other explicit enumerations; for instance, we show that for all n ≥ 3,
|Sn(132, 123, γ1,2,2)| = Fn+3 + Fn+1 − 3n+ 2
and for all n ≥ 5,
|Sn(132, 123, γ2,2,2)| = 5Fn+1 − 9n+ 21.
We give bijective proofs of (2) and (3). We also enumerate Sn(132, 123, γ1,b,1) for all b ≥ 2,
obtaining a sum of b-generalized Fibonacci numbers plus a polynomial of degree one in n.
Finding a bijective proof of these enumerations is an open problem.
Next we prove two generalizations of Simion and Schmidt’s result (1) which are not
related to Mansour’s determinant formulas. For all k ≥ 4, we give a recurrence relation for
the generating function for |Sn(132, 2341, ωk)|, where ωk is the permutation in Sk given by
ωk = k, k − 1, . . . , 4, 2, 1, 3.
3
Using this relation we give several explicit enumerations. For example, we show that for all
n ≥ 2,
|Sn(132, 2341, ω4)| = Fn+5 −
(
n + 1
2
)
− 2
(
n + 1
1
)
− 2.
For all nonnegative integers a and b, we give recurrence relations for the generating function
for |Sn(132, 3241, µa,b)|, where µa,b is the permutation in Sa+b given by
µa,b = b+ a, b+ a− 1, . . . , b+ 1, 1, 2, . . . , b.
Using these relations we give several explicit enumerations. For example, we show that for
all n ≥ 1,
|Sn(132, 3241, µ2,3)| = Fn+8 −
(
n + 1
4
)
− 3
(
n + 1
3
)
− 4
(
n + 1
2
)
− 9
(
n+ 1
1
)
− 11.
It is an open problem to find bijective proofs of these enumerations.
We conclude our main results by expanding our point of view to include all sequences
which satisfy a linear homogeneous recurrence relation with constant coefficients, instead
of restricting our attention to those sequences whose terms can be expressed in terms of
Fibonacci numbers or k-generalized Fibonacci numbers. More specifically, let k and l denote
positive integers such that l ≤ k and let a1, . . . , al denote a sequence of positive integers in
which a1, . . . , al−1 are distinct. For a certain set R
k
a1,...,al
⊆ Sk, we show that for all n ≥ k,
|Sn(R
k
a1,...,ak
)| =
l∑
j=1
(k − aj − ηj)|Sn−j(R
k
a1,...,al
)|,
where ηj = {i | ai > aj and i < j} for 1 ≤ j ≤ l. (See section 7 for a precise definition of
Rka1,...,al.) This result includes Simion and Schmidt’s result (1) as a special case, and we give
several other examples of specific enumerations which arise from this result. Among these
examples is an infinite family of enumerations involving the Fibonacci numbers.
2 Background and Notation
Let Sn denote the set of permutations of [n] = {1, . . . , n}, written in one-line notation, and
suppose pi ∈ Sn and σ ∈ Sk. We say a permutation pi avoids a permutation σ whenever pi
contains no subsequence with all of the same pairwise comparisons as σ. For example, the
permutation 214538769 avoids 312 and 2413, but it has 2586 as a subsequence so it does not
avoid 1243. We make this idea precise in the following definition.
Definition 2.1 For any permutation pi ∈ Sn and any i (1 ≤ i ≤ n), we write pi(i) to denote
the element of pi in position i. We say a permutation pi ∈ Sn avoids a permutation σ ∈ Sk
whenever there is no sequence 1 ≤ iσ(1) < iσ(2) < · · · < iσ(k) ≤ n such that pi(i1) < pi(i2) <
· · · < pi(ik).
If pi avoids σ then pi is sometimes called a restricted permutation or a pattern-avoiding
permutation and σ is sometimes called a forbidden subsequence. In this paper we will be
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interested in permutations which avoid several patterns, so for any set R of permutations we
write Sn(R) to denote the elements of Sn which avoid every element of R. For any set R of
permutations we take Sn(R) to be the empty set whenever n < 0 and we take S0(R) to be
the set containing only the empty permutation. When R = {pi1, pi2, . . . , pir} we often write
Sn(R) = Sn(pi1, pi2, . . . , pir).
For all integers k ≥ 1, the k-generalized Fibonacci number Fk,n satisfies the recurrence
obtained by adding more terms to the recurrence for the Fibonacci numbers. More specif-
ically, we set Fk,n = 0 for all n ≤ 0 and we set Fk,1 = 1. For all n ≥ 2 we define Fk,n
recursively by setting
Fk,n =
k∑
i=1
Fk,n−i (n ≥ 2). (4)
The term “k-generalized Fibonacci number” alludes to the fact that F2,n = Fn for all n. It
is routine to verify that the ordinary generating function for Fk,n is given by
∞∑
n=0
Fk,nx
n =
x
1− x− x2 − . . .− xk
(k ≥ 1). (5)
We will also make use of the following combinatorial interpretation of Fk,n.
Proposition 2.2 The number of tilings of a 1 × n rectangle with tiles of size 1 × 1, 1 × 2,
. . . , 1× k is the k-generalized Fibonacci number Fk,n+1.
Proof. The result is immediate for n ≤ 1, so it suffices to show that the number of such
tilings satisfies (4). To do this, observe there is a one-to-one correspondence between tilings
of a 1 × (n − i) rectangle and tilings of a 1 × n rectangle in which the rightmost tile has
length i. Therefore, if we count tilings of a 1 × n rectangle according to the length of the
rightmost tile, we find the number of such tilings satisfies (4), as desired. ✷
For more information concerning the k-generalized Fibonacci numbers, see [9], [10], [20],
[27], and [28].
3 Generalizations of Simion and Schmidt Involving 132
and 213
In this section we generalize Simion and Schmidt’s result (1) by replacing 123 with a longer
permutation. One natural way to do this is to replace 123 with 123 . . . k for some k ≥ 4. We
go further, however, replacing 123 with the permutation given in the following definition.
Definition 3.1 For all positive integers k, m, and r0, . . . , rm such that k + 1 = r0 > r1 >
· · · > rm = 1, we write τr0,...,rm to denote the permutation in Sk given by
τr0,...,rm = r1, r1 + 1, . . . , k, r2, r2 + 1, . . . , r1 − 1, . . . , 1, 2, . . . rm−1 − 1.
In this section we consider |Sn(132, 213, τr0,...,rm)| for certain sequences r0 > r1 > · · · > rm.
Since τ4,1 = 123, these results generalize Simion and Schmidt’s result (1). We begin with a
result of Mansour concerning the ordinary generating function for |Sn(132, 213, τr0,...,rm)|.
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Theorem 3.2 ([23, Thm. 3]) Fix positive integers k,m, and r0, . . . , rm such that k + 1 =
r0 > r1 > · · · > rm = 1 and let τr0,...,rm be as in Definition 3.1. Then
∞∑
n=0
|Sn(132, 213, τr0,...,rm)|x
n = det


fr0−r1 −gr0−r1 0 · · · 0
fr1−r2 1 −gr1−r2
. . . 0
fr2−r3 0 1
. . . 0
...
...
. . .
. . . −grm−2−rm−1
frm−1−rm 0 0 · · · 1


(6)
where fi(x) =
1− x
1− 2x+ xi
and gi(x) =
xi
1− 2x+ xi
for i ≥ 0.
In [23] Mansour focuses on the case of this theorem in which k = 4. Here we use the
result to give explicit enumerations involving Fibonacci numbers and k-generalized Fibonacci
numbers. Many such enumerations can be obtained from this theorem; we consider just a
few of them. We begin by considering the case in which 123 is replaced with its most natural
lengthening, 12 . . . k.
Corollary 3.3 For all integers n and all k ≥ 2,
|Sn(12 . . . k, 132, 213)| = Fk−1,n+1. (7)
Moreover,
∞∑
n=0
|Sn(12 . . . k, 132, 213)|x
n =
1
1− x− x2 − · · · − xk−1
. (8)
Proof. Since 12 . . . k = τk+1,1, we set m = 1 and r1 = 1 in (6) to obtain (8). Line (7) is
immediate from (8), in view of (5). ✷
Throughout this section we will give bijective proofs of our explicit enumerations. All of
these proofs are based on a certain constructive bijection between Sn(132, 213) and the set
of tilings of a 1× n rectangle with tiles of size 1× i, where i ≥ 1. To describe this bijection,
we first make an observation concerning the form of a permutation in Sn(132, 213).
Proposition 3.4 Fix n ≥ 0 and suppose pi ∈ Sn. Then pi ∈ Sn(132, 213) if and only if
there exists a positive integer m and a sequence n + 1 = r0 > r1 > · · · > rm = 1 such that
pi = τr0,r1,...,rm.
Proof. It is routine to verify that τr0,r1,...,rm avoids 132 and 213. To prove the converse,
suppose pi ∈ Sn(132, 213). Since pi avoids 132, every element to the left of n in pi is larger
than every element to the right of n. Since pi avoids 213, the elements to the left of n
are in increasing order, so there exists r1 such that pi = r1, r1 + 1, . . . , n, p˜i, where p˜i ∈
Sr1−1(132, 213). By induction on n there exists a positive integer m and a sequence n+ 1 =
r0 > r1 > · · · > rm = 1 such that pi = τr0,...,rm , as desired. ✷
We now describe our bijection between Sn(132, 213) and the set of tilings of a 1 × n
rectangle with tiles of size 1× i, where i ≥ 1.
Definition 3.5 For all n ≥ 0, we write Fn to denote the map from Sn(132, 213) to the set of
tilings of a 1×n rectangle with tiles of size 1×i, where i ≥ 1, for which Fn(τr0,...,rm) is the tiling
whose tiles, when read from left to right, have sizes 1×(r0−r1), 1×(r1−r2), . . . , 1×(rm−1−rm).
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Example 3.6 We have
F9(978652341) = ✷ ✷✷ ✷ ✷ ✷✷✷ ✷
and
F8(56782341) = ✷✷✷✷✷✷✷ ✷.
Proposition 3.7 For all n ≥ 0, the map Fn is a constructive bijection between Sn(132, 213)
to the set of tilings of a 1× n rectangle with tiles of size 1× i, where i ≥ 1.
Proof. To show Fn is a bijection, we construct F
−1
n . To do this, let Gn denote the map from
the set of tilings of a 1×n rectangle with tiles of size 1×i, where i ≥ 1, to Sn(132, 213), which
is given as follows. For a given tiling, fill the rightmost tile with the numbers 1, 2, . . . from
left to right, up to the length of the tile. Fill the tile immediately to the left of the rightmost
tile from left to right in the same way, beginning with the smallest available number. Repeat
this process until every tile is filled. It is routine to verify that Fn(Gn(µ)) = µ for any tiling
µ, and that Gn(Fn(pi)) = pi for any pi ∈ Sn(132, 213). Therefore Gn = F
−1
n , so Fn is a
bijection, as desired. ✷
The function Fn gives us a bijective proof of (7).
Theorem 3.8 For all n ≥ 1 and all k ≥ 2, the restriction of Fn to the set
Sn(12 . . . k, 132, 213) is a bijection between Sn(12 . . . k, 132, 213) and the set of tilings of a
1× n rectangle with tiles of size 1× 1, 1× 2, . . . , 1× (k − 1).
Proof. Observe that τr0,...,rm avoids 12 . . . k if and only if ri−1 − ri ≤ k − 1 for 1 ≤ i ≤ m.
Now the result is immediate from Propositions 3.4 and 3.7. ✷
Next we consider a more complicated lengthening of 123, in which we increase every
entry in 12 . . . k by a fixed amount and then append a decreasing sequence to the result.
This longer permutation is τs+t+2,s+1,s,...,2,1 for positive integers s and t, but for notational
convenience we abbreviate it as follows.
Definition 3.9 For all positive integers s and t, we write αs,t to denote the permutation in
Ss+t+1 given by
αs,t = τs+t+2,s+1,s,s−1,...,2,1.
Proposition 3.10 Let s and t denote positive integers. Then
∞∑
n=0
|Sn(132, 213, αs,t)|x
n =
(1− x)s + xt+1
(
s−1∑
i=0
(1− x)ixs−i−1
)
(1− x)s(1− x− · · · − xt)
. (9)
Proof. In (6), set m = s+ 2, r0 = s+ t+ 2, and ri = s+ 2− i for 1 ≤ i ≤ m− 1 to find
∞∑
n=0
|Sn(132, 213, αs,t)|x
n = det


ft+1(x) −gt+1(x) 0 · · · 0 0
1 1 − x
1−x
· · · 0 0
1 0 1 · · · 0 0
...
...
...
. . .
...
...
1 0 0 · · · 1 − x
1−x
1 0 0 · · · 0 1


,
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where the matrix on the right is s+ 1 by s+ 1. To evaluate this determinant, let
An(x) = det


ft+1(x) −gt+1(x) 0 · · · 0 0
1 1 − x
1−x
· · · 0 0
1 0 1 · · · 0 0
...
...
...
. . .
...
...
1 0 0 · · · 1 − x
1−x
1 0 0 · · · 0 1


(n ≥ 2),
where the matrix on the right is n × n. Expand this determinant along the bottom row to
find
An(x) = An−1(x) + gt+1(x)
(
x
1− x
)n−2
(n ≥ 3).
Iterate this relation and use the fact that A2(x) = ft+1(x) + gt+1(x) to obtain
An(x) = ft+1(x) + gt+1(x)
n−2∑
i=0
(
x
1− x
)i
(n ≥ 2).
Since ft+1(x) =
1
1− x− · · · − xt
and gt+1(x) =
xt+1
(1− x)(1− x− · · · − xt)
, we have
An(x) =
(1− x)n−1 + xt+1
n−2∑
i=0
xi(1− x)n−2−i
(1− x)n−1(1− x− · · · − xt)
(n ≥ 2).
Set n = s + 1 in the last line to obtain (9), as desired. ✷
Rather than extract an explicit enumeration of Sn(132, 213, αs,t) directly from (9), we
use Fn to obtain one bijectively.
Theorem 3.11 Let s and t denote positive integers. Then the restriction of Fn to the set
Sn(132, 213, αs,t) is a constructive bijection between Sn(132, 213, αs,t) and the set of tilings
of a 1 × n rectangle in which all tiles except for the rightmost s tiles have length at most t.
In particular, for all n ≥ 1,
|Sn(132, 213, αs,t)| =
s−1∑
k=1
(
n− 1
k − 1
)
+
n∑
k=s
(
k − 1
s− 1
)
Ft,n−k+1. (10)
Proof. In view of Propositions 3.4 and 3.7, to prove the first part of the theorem it is
sufficient to show that τr0,...,rm avoids αs,t if and only if ri−1 − ri < t + 1 for 1 ≤ i ≤ m − s.
It is routine to verify that if ri−1 − ri < t+ 1 for 1 ≤ i ≤ m− s then τr0,...,rm avoids αs,t. To
show the converse, observe that if there exists i with 1 ≤ i ≤ m − s and ri−1 − ri ≥ t + 1
then the subsequence ri, ri + 1, . . . , ri−1 − 1, ri+1, ri+2, . . . , ri+s forms a pattern of type αs,t.
Line (10) follows from the first part of the theorem by a routine counting argument. ✷
We conclude this section by using (6) and Fn to obtain the following general result, which
is analogous to Proposition 3.10 and Theorem 3.11. For notational convenience, in this result
we abbreviate
βa,b,c = τa+b+c+1,a+b+c,...,b+c+1,c+1,c,...,2,1
for all nonnegative integers a, b, and c such that a+ c ≥ 1 and b ≥ 1.
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Theorem 3.12 Let a and c denote nonnegative integers such that a+c ≥ 1 and let b denote
a positive integer. Then the restriction of Fn to the set Sn(132, 213, βa,b,c) is a constructive
bijection between Sn(132, 213, βa,b,c) and the set of tilings of a 1 × n rectangle in which all
tiles except for the leftmost a tiles and the rightmost c tiles have length at most b − 1. In
particular, for n ≥ 1,
|Sn(132, 213, βa,b,c)| =
a+c−1∑
k=1
(
n− 1
k − 1
)
+
n∑
k=a+c
(
k − 1
a + c− 1
)
Fb−1,n−k+1. (11)
Moreover,
∞∑
n=0
|Sn(132, 213, βa,b,c)|x
n =
(1− x)a+c + xb
(
a+c−1∑
i=0
(1− x)ixa+c−i+1
)
(1− x)a+c(1− x− . . .− xb−1)
. (12)
Proof. In view of Propositions 3.4 and 3.7, to prove the first part of the theorem it is
sufficient to show that τr0,...,rm avoids βa,b,c if and only if ri−1 − ri < b for a+ 1 ≤ i ≤ m− c.
It is routine to verify that if ri−1 − ri < b for a + 1 ≤ i ≤ m − c then τr0,...,rm avoids βa,b,c.
To show the converse, observe that if there exists i with a+1 ≤ i ≤ m− c and ri−1− ri ≥ b
then the subsequence
r1, r2, . . . , ra, ri, ri + 1, . . . , ri + b− 1, rm−c + 1, rm−c + 2, . . . , rm
forms a pattern of type βa,b,c. It follows that τr0,...,rm avoids βa,b,c if and only if ri−1 − ri < b
for a+ 1 ≤ i ≤ m− c, so the first part of the theorem holds.
Line (11) follows from the first part of the theorem by a routine counting argument.
To obtain (12), observe that if we set s = a + c and t = b − 1 in the expression on the
right side of (10) then we obtain the expression on the right side of (11). Therefore, in view
of (9), line (12) follows from (11). ✷
4 Generalizations of Simion and Schmidt Involving 123
and 132
In section 3 we generalized Simion and Schmidt’s result (1) by replacing 123 with a longer per-
mutation. In this section we generalize (1) by replacing 213 with a longer permutation. The
generalizations we obtain in this way are equivalent to those we would obtain by replacing
132 with a longer permutation, since 132 is the image of 213 under the reverse-complement
map and 123 is fixed by this map. We begin by setting some notation.
Definition 4.1 For all nonnegative integers a, b, and c, we write γa,b,c to denote the per-
mutation in Sa+b+c+1 given by
γa,b,c = a+ b+ c+1, a+ b+ c, . . . , b+ c+2, b+ c, b+ c−1, . . . , c+1, b+ c+1, c, c−1, . . . , 2, 1
We write fa,b,c(x) to denote the generating function
fa,b,c(x) =
∞∑
n=0
|Sn(123, 132, γa,b,c)|x
n.
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In this section we give a recursive formula for fa,b,c(x), which we use to give explicit
enumerations of Sn(123, 132, γa,b,c) for certain values of a, b, and c. Since γ0,2,0 = 213, these
results generalize Simion and Schmidt’s result (1). We begin by considering the case in which
a = b = 0.
Proposition 4.2 Let c denote a positive integer. Then f0,0,0(x) = 1 and
f0,0,c(x) = 1 + xf0,0,c−1(x) +
c+1∑
r=2
xrf0,0,c−r+1(x). (13)
Proof. To see that f0,0,0(x) = 1, first observe that γ0,0,0 = 1. Since the empty permutation
is the only permutation (of any length) which avoids 1, we have f0,0,0(x) = 1.
To prove (13), first observe that the empty permutation avoids 123, 132, and γ0,0,c. For
n ≥ 1, observe that every permutation pi ∈ Sn(123, 132, γ0,0,c) for which pi(1) = n has
the form n, p˜i, where p˜i ∈ Sn(123, 132, γ0,0,c), and the resulting map is a bijection between
Sn(123, 132, γ0,0,c) and the set of permutations in Sn(123, 132, γ0,0,c) which begin with n.
Similarly, observe that if 2 ≤ i < n then every permutation pi ∈ Sn(123, 132, γ0,0,c) for which
pi(i) = n has the form n−1, n−2, . . . , n− i+1, n, p˜i, where p˜i ∈ Sn−i(123, 132, γ0,0,c−i+1), and
the resulting map is a bijection between Sn−i(123, 132, γ0,0,c−i+1) and the set of permutations
in Sn(123, 132, γ0,0,c) in which n is in the ith position. Combine these observations to obtain
(13). ✷
We now consider f0,b,0(x).
Proposition 4.3 For any positive integer b,
f0,b,0(x) =
1
1− x− · · · − xb
. (14)
In particular,
|Sn(123, 132, γ0,b,0)| = Fb,n+1 (n ≥ 1). (15)
Proof. Line (14) is immediate from [23, Thm. 1], but for completeness we include a proof
here.
First observe that the empty permutation avoids 123, 132, and γ0,b,0. Now observe that
for 1 ≤ i ≤ b, every permutation pi ∈ Sn(123, 132, γ0,b,0) with pi(i) = n has the form
n − 1, n − 2, . . . , n − i + 1, n, p˜i, where p˜i ∈ Sn−i(123, 132, γ0,b,0), and the resulting map is a
bijection between Sn−i(123, 132, γ0,b,0) and the set of permutations in Sn(123, 132, γ0,b,0) in
which n is in the ith position. Finally, observe that if pi avoids 123 and 132 and has pi(i) = n
for b+ 1 ≤ i ≤ n then pi does not avoid γ0,b,0. Combine these observations to obtain
f0,b,0(x) = 1 + f0,b,0(x)
b∑
r=1
xr.
Solve this equation for f0,b,0(x) to obtain (14).
Line (15) is immediate from (14), in view of (5). ✷
We also give a bijective proof of (15).
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Theorem 4.4 For all n ≥ 1 and all b ≥ 2 there exists a constructive bijection between
Sn(123, 132, γ0,b,0) and the set of tilings of a 1 × n rectangle with tiles of size 1 × 1, 1 × 2,
. . . , 1× b.
Proof. Suppose we are given such a tiling. We construct its corresponding permutation
as follows. Let m denote the length of the rightmost tile. Fill this tile with the numbers
1, 2, . . . , m from left to right in the order m− 1, m− 2, . . . , 1, m. Fill the tile immediately to
the left of the rightmost tile in the same way, using the smallest available numbers. Repeat
this process until every tile is filled. It is routine to verify that this map is invertible, and
that the permutation constructed avoids 123, 132, and γ0,b,0. ✷
Example 4.5 Under the bijection given in the proof of Theorem 4.4, the permutation
876954231 corresponds to the tiling ✷✷✷✷ ✷ ✷ ✷✷ ✷ and the permutation 986743512 corre-
sponds to the tiling ✷ ✷ ✷✷ ✷✷✷ ✷✷.
We now find f0,b,c(x) in terms of f0,0,c(x).
Proposition 4.6 For any positive integers b and c,
f0,b,c(x) =
1− x+ xb+1f0,0,c−1(x)
(1− x)(1 − x− · · · − xb)
. (16)
Proof. First observe that the empty permutation avoids 123, 132, and γ0,b,c. Now observe
that for 1 ≤ i ≤ b, every permutation pi ∈ Sn(123, 132, γ0,b,c) with pi(i) = n has the form
n − 1, n − 2, . . . , n − i + 1, n, p˜i, where p˜i ∈ Sn−i(123, 132, γ0,b,c), and the resulting map is a
bijection between Sn−i(123, 132, γ0,b,c) and the set of permutations in Sn(123, 132, γ0,b,c) in
which n is in the ith position. Similarly, observe that for b + 1 ≤ i ≤ n, every permutation
pi ∈ Sn(123, 132, γ0,b,c) with pi(i) = n has the form n− 1, n− 2, . . . , n− i+1, n, p˜i, where p˜i ∈
Sn−i(123, 132, γ0,0,c−1), and the resulting map is a bijection between Sn−i(123, 132, γ0,0,c−1)
and the set of permutations in Sn(123, 132, γ0,b,c) in which n is in the ith position. Combine
these observations to find
f0,b,c(x) = 1 +
b∑
i=1
xif0,b,c(x) +
xb+1
1− x
f0,0,c−1(x).
Solve this equation for f0,b,c(x) to obtain (16). ✷
We now obtain our recurrence relation for fa,b,c(x).
Proposition 4.7 For any positive integers a and b and any nonnegative integer c,
fa,b,c(x) = 1 + xfa−1,b,c(x) +
a∑
r=2
xrfa−r+1,b,c(x) +
xa+1
1− x
f0,b,c(x). (17)
Proof. First observe that the empty permutation avoids 123, 132, and γa,b,c. Now observe
that every permutation pi ∈ Sn(123, 132, γa,b,c) for which pi(1) = n has the form n, p˜i, where
p˜i ∈ Sn−1(123, 132, γa−1,b,c), and the resulting map is a bijection between Sn−1(123, 132, γa−1,b,c)
and the set permutations in Sn(123, 132, γa,b,c) which begin with n. Similarly, observe that
for 2 ≤ i ≤ a, every permutation pi ∈ Sn(123, 132, γa,b,c) with pi(i) = n has the form
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n−1, n−2, . . . , n− i+1, n, pi, where p˜i ∈ Sn−i(123, 132, γa−i+1,b,c), and the resulting map is a
bijection between Sn−i(123, 132, γa−i+1,b,c) and the set of permutations in Sn(123, 132, γa,b,c)
in which n is in the ith position. Finally, observe that for a+ 1 ≤ i ≤ n, every permutation
pi ∈ Sn(123, 132, γa,b,c) for which pi(i) = n has the form n− 1, n− 2, . . . , n− i+1, n, p˜i, where
p˜i ∈ Sn−i(123, 132, γ0,b,c), and the resulting map is a bijection between Sn−i(123, 132, γ0,b,c)
and the set of permutations in Sn(123, 132, γa,b,c) in which n is in the ith position. Combine
these observations to obtain (17). ✷
We now use our recurrence relations (13), (16), and (17) to obtain explicit enumerations
of Sn(132, 123, γa,b,c) for various values of a, b, and c. We begin with the case in which a = 0,
c = 1, and b is arbitrary.
Proposition 4.8 Let b denote a positive integer. Then
|Sn(132, 123, γ0,b,1)| =
n∑
k=1
Fb,k (n ≥ 1). (18)
Moreover,
∞∑
n=0
|Sn(132, 123, γ0,b,1)|x
n = 1 +
x
1− 2x+ xb+1
. (19)
Proof. To prove (19), set c = 1 in (16), obtaining
∞∑
n=0
|Sn(132, 123, γ0,b,1)|x
n =
1− x+ xb+1
(1− x)(1− x− · · · − xb)
= 1 +
x
1− 2x+ xb+1
,
as desired. To prove (18) observe that in view of (5),
x
1− 2x+ xb+1
=
(
∞∑
n=0
xn
)(
∞∑
n=0
Fb,nx
n
)
=
∞∑
n=0
(
n∑
k=1
Fb,k
)
xn.
Now (18) is immediate from (19). ✷
Remark Line (19) is also immediate from [23, Thm. 1].
We also give a bijective proof of (18).
Theorem 4.9 Let b denote a positive integer. There exists a constructive bijection between
Sn(132, 123, γ0,b,1) and the set of tilings of a 1 × (n + 1) rectangle with tiles of size 1 × i
(i ≥ 1) in which all tiles except the rightmost tile have length at most b, and the rightmost
tile has length at least 2.
Proof. Suppose we are given such a tiling. We construct its corresponding permutation
as follows. Let m denote the length of the rightmost tile. Fill this tile with the numbers
1, 2, . . . , m from left to right in the order m − 2, m − 3, . . . , 1, m − 1, leaving the rightmost
square empty. Fill the tile immediately to the left of the rightmost tile using the smallest
available numbers and in the same pattern as the rightmost tile, but put a number in every
square. Repeat this process until every square of every remaining tile is filled. It is routine
to verify that this map is invertible, and that the permutation constructed avoids 123, 132,
and γ0,b,1. ✷
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Example 4.10 Fix b = 3. Under the bijection given in the proof of Theorem 4.9, the permu-
tation 879653214 corresponds to the tiling ✷✷✷ ✷ ✷ ✷✷✷✷✷ and the permutation 976845231
corresponds to the tiling ✷ ✷✷✷ ✷✷ ✷✷ ✷✷.
Next we enumerate Sn(132, 123, γa,b,c) when a = 0, c = 2, and b is arbitrary. We first
consider the case in which b = 2.
Proposition 4.11 For all n ≥ 3,
|Sn(132, 123, γ0,2,2)| = Fn+2 + Fn − 3. (20)
Moreover,
∞∑
n=0
|Sn(132, 123, γ0,2,2)|x
n = 3 + x+ x2 +
x2 + 4x− 2
1− 2x+ x3
. (21)
Proof. To obtain (21), set c = 2 in (16) and use (13) to obtain
∞∑
n=0
|Sn(132, 123, γ0,2,2)|x
n =
1− x+ x3 + x4 + x5
(1− x)(1− x− x2)
= 3 + x+ x2 +
x2 + 4x− 2
1− 2x+ x3
,
as desired. To obtain (20), observe that
x2 + 4x− 2
1− 2x+ x3
=
−3
1− x
+
2x+ 1
1− x− x2
.
Now (20) is immediate in view of (5). ✷
We now handle the case in which b ≥ 3.
Proposition 4.12 Let b denote a positive integer such that b ≥ 3. Then for all n ≥ 3,
|Sn(132, 123, γ0,b,2)| =
(
1
b− 1
)(
3Fb,n+1 + (b− 4)Fb,n−1 + 3
b−1∑
i=3
(b− i)Fb,n−i+1 − 3
)
. (22)
Alternatively, for all n ≥ 3,
|Sn(132, 123, γ0,b,2)| =
n−1∑
k=1
Fb,k + 2
n−2∑
k=1
Fb,k. (23)
Moreover,
∞∑
n=0
|Sn(132, 123, γ0,b,2)|x
n = 1 + x+ x2 +
x2 + 2x3
1− 2x+ xb+1
. (24)
Proof. To obtain (24), set c = 2 in (16) and use (13) to obtain
∞∑
n=0
|Sn(132, 123, γ0,b,2)|x
n =
1− x+ xb+1 + xb+2 + xb+3
(1− x)(1− x− . . .− xb)
= 1 + x+ x2 +
x2 + 2x3
1− 2x+ xb+1
,
13
as desired. To obtain (22), observe that if b ≥ 3 then
x2 + 2x3
1− 2x+ xb+1
=
(
1
b− 1
) −31− x +
3 + (b− 4)x2 + 3
b−1∑
i=3
(b− i)xi
1− x− . . .− xb

 .
Now (22) is immediate in view of (5). To obtain (23), observe that
x2 + 2x3
(1− x)(1− x− . . .− xb)
=
(
∞∑
n=0
xn
)(
∞∑
n=0
(Fb,n−1 + 2Fb,n−2) x
n
)
=
∞∑
n=0
(
n−1∑
k=0
Fb,k + 2
n−2∑
k=0
Fb,k
)
xn.
Now (23) is immediate in view of (5). ✷
We also give a bijective proof of (20) and (23).
Theorem 4.13 Let b ≥ 2. For all n ≥ 1, let Bn denote the set of tilings of a 1×n rectangle
for which the following hold.
1. There is at most one tile with length greater than b; call this tile the long tile.
2. There is at most one tile to the right of the long tile.
3. The tile to the right of the long tile has length 1 or 2.
Then there exists a constructive bijection between Bn and Sn(132, 132, γ0,b,2).
Proof. Suppose we are given such a tiling. We construct its corresponding permutation
as follows. Let m denote the length of the rightmost tile. Fill this tile with the numbers
1, 2, . . . , m from left to right in the order m− 1, m− 2, . . . , 1, m. Fill the tile immediately to
the left of the rightmost tile in the same way, using the smallest available numbers. Repeat
this process until every tile is filled. It is routine to verify that this map is invertible, and
that the permutation constructed avoids 132, 123, and γ0,b,2. ✷
Example 4.14 Fix b = 3. Under the bijection given in Theorem 4.13, the permutation
879643251 corresponds to the tiling ✷✷✷ ✷ ✷✷✷✷ ✷, the permutation 978643215 corre-
sponds to the tiling ✷ ✷✷ ✷ ✷✷✷✷✷, and the permutation 6543712 corresponds to the tiling
✷✷✷✷✷ ✷✷.
Next we enumerate Sn(132, 123, γa,b,c) when a = 1, c = 1, and b is arbitrary.
Proposition 4.15 Let b denote a positive integer such that b ≥ 2. Then for all n ≥ 1,
|Sn(132, 123, γ1,b,1)| =
(
1
b− 1
)2 (b2 − 3b
2
+ (1− b)n+ gb(n)
)
, (25)
where
gb(n) =
b2 − b+ 2
2
Fb,n+1 + (b− 1)Fb,n +
b−1∑
i=2
[
(1− b)
(
i
2
)
+
b2 − b− 2
2
i−
b2 − 3b
2
]
Fb,n−i+1.
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Moreover,
∞∑
n=0
|Sn(132, 123, γ1,b,1)|x
n =
1− 2x+ x2 + xb+1
(1− x)2(1− x− . . .− xb)
. (26)
Proof. To obtain (26), set a = c = 1 in (17) and use (19) to obtain
∞∑
n=0
|Sn(132, 123, γ1,b,1)|x
n =
1
1− x
+
x2
1− 2x+ xb+1
+
x3
1− 3x+ 2x2 + xb+1 − xb+2
.
Now (26) is immediate. To obtain (25), first observe that
x2
1− 2x+ xb+1
=
(
1
b− 1
)

 −11− x +
1 +
b−1∑
i=2
(b− i)xi
1− x− . . .− xb


and
x3
1− 3x+ 2x2 + xb+1 − xb+2
=
(
1
b− 1
)2−
(
b−2
2
)
1− x
+
1− b
(1− x)2
+
hb(x)
1− x− . . .− xb

 ,
where
hb(x) =
b2 − 3b+ 4
2
+(b−1)x+
b−1∑
i=2
[
(i− 2)(b− 1)2 −
((
i
2
)
− 1
)
(b− 1)− (i− 1)
(
b− 2
2
)]
xi.
Now (25) is immediate in view of (5). ✷
We conclude this section with several other explicit enumerations of Sn(132, 123, γa,b,c)
for small values of a, b, and c.
Proposition 4.16 For all n ≥ 3,
|Sn(132, 123, γ1,2,2)| = Fn+3 + Fn+1 − 3n + 2. (27)
Moreover,
∞∑
n=0
|Sn(132, 123, γ1,2,2)|x
n = −4− 2x− x2 +
6x3 + 4x2 − 12x+ 5
(1− x)2(1− x− x2)
. (28)
Proof. To obtain (28), set a = 1, b = 2, and c = 2 in (17) and use (21). To obtain (28),
observe that
6x3 + 4x2 − 12x+ 5
(1− x)2(1− x− x2)
=
5
1− x
−
3
(1− x)2
+
x+ 3
1− x− x2
.
Now (28) is immediate in view of (5). ✷
We omit the proofs of the remaining propositions in this section, since they are similar
to the proof of Proposition 4.16.
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Proposition 4.17 For all n ≥ 5,
|Sn(132, 123, γ2,2,2)| = 5Fn+1 − 9n+ 21. (29)
Moreover,
∞∑
n=0
|Sn(132, 123, γ2,2,2)|x
n = −25− 16x− 11x2 − 5x3 − 2x4 +
30x3 + 14x2 − 61x+ 26
(1− x)2(1− x− x2)
.
Proposition 4.18 For all n ≥ 7,
|Sn(132, 123, γ3,2,2)| = 3Fn+2 + 3Fn − 24n+ 91. (30)
Moreover,
∞∑
n=0
|Sn(132, 123, γ3,2,2)|x
n =
−93 − 75x− 53x2 − 36x3 − 20x4 − 9x5 − 2x6 +
121x3 + 15x2 − 206x+ 94
(1− x)2(1− x− x2)
.
Proposition 4.19 For all n ≥ 3,
|Sn(132, 123, γ1,3,2)| =
1
2
(F3,n+2 + 2F3,n + F3,n−1 − 3n+ 5) . (31)
Moreover,
∞∑
n=0
|Sn(132, 123, γ1,3,2)|x
n = −2 − 2x− x2 +
5x4 + x3 − 6x+ 3
(1− x)2(1− x− x2 − x3)
.
Proposition 4.20 For all n ≥ 5,
|Sn(132, 123, γ2,3,2)| =
1
2
(4F3,n+1 + F3,n − 3F3,n−1 − 9n + 30) . (32)
Moreover,
∞∑
n=0
|Sn(132, 123, γ2,3,2)|x
n =
−16− 12x− 7x2 − 5x3 − 2x4 +
18x4 + 8x3 + 4x2 − 38x+ 17
(1− x)2(1− x− x2 − x3)
.
Proposition 4.21 For all n ≥ 7,
|Sn(132, 123, γ3,3,2)| =
1
2
(3F3,n + 10F3,n−1 − 3F3,n−2 − 24n+ 115) . (33)
Moreover,
∞∑
n=0
|Sn(132, 123, γ3,3,2)|x
n =
−55− 46x− 38x2 − 24x3 − 16x4 − 9x5 − 2x6 +
76x4 + 2x3 + 11x2 − 121x+ 56
(1− x)2(1− x− x2 − x3)
.
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5 Generalizations of Simion and Schmidt Involving Two
Longer Permutations
In sections 3 and 4 we generalized Simion and Schmidt’s result (1) by replacing one of the
three forbidden subsequences with a longer forbidden subsequence. In this section we gener-
alize (1) by replacing two of the forbidden subsequences with longer forbidden subsequences
in several ways. We begin by setting some notation.
Definition 5.1 For all k ≥ 4, we write ωk to denote the permutation in Sk given by
ωk = k, k − 1, . . . , 5, 4, 2, 1, 3,
and we write gk(x) to denote the generating function
gk(x) =
∞∑
n=0
|Sn(132, 2341, ωk)|x
n.
As in the previous section, we give a recurrence relation for gk(x).
Proposition 5.2 We have
g3(x) =
x3 − x+ 1
(1− x)(1− x− x2)
. (34)
Moreover, for all k > 3,
gk(x) =
(
1
1− x
)(
1 + x(gk−1(x)− 1) +
k−2∑
r=2
xr(gk−r+1(x)− 1) +
xk−1
1− x
(g3(x)− 1)
)
. (35)
Proof. Using the notation of section 3, observe that ω3 = 213 and τ5,2,1 = 2341. Now (34)
is immediate from (6).
To obtain (35), first observe that the empty permutation avoids 132, 2341, and ωk. For
n ≥ 1, observe that every permutation pi ∈ Sn(132, 2341, ωk) for which pi(n) = n has the
form p˜i, n, where p˜i ∈ Sn−1(132, 2341, ωk), and the resulting map is a bijection between
Sn−1(132, 2341, ωk) and the set of permutations in Sn(132, 2341, ωk) which end with n. Sim-
ilarly, observe that if 1 ≤ i ≤ k − 2 and i < n then every permutation pi ∈ Sn(132, 2341, ωk)
with pi(i) = n has the form n−1, n−2, . . . , n− i+1, n, p˜i, where p˜i ∈ Sn−i(132, 2341, ωk−i+1),
and the resulting map is a bijection between Sn−i(132, 2341, ωk−i+1) and the set of per-
mutations in Sn(132, 2341, ωk) in which n is in the ith position. Finally, observe that if
k − 1 ≤ i ≤ n − 1 then every permutation pi ∈ Sn(132, 2341, ωk) with pi(i) = n has the
form n − 1, n − 2, . . . , n − i + 1, n, p˜i, where p˜i ∈ Sn−i(132, 2341, ω3), and the resulting map
is a bijection between Sn−i(132, 2341, ω3) and the set of permutations in Sn(132, 2341, ωk) in
which n is in the ith position. Combine these observations to find
gk(x) = 1 + xgk(x) + x(gk−1(x)− 1) +
k−2∑
r=2
xr(gk−r+1(x)− 1) +
xk−1
1− x
(g3(x)− 1) .
Solve this equation for gk(x) to obtain (35). ✷
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We now use (34) and (35) to obtain explicit enumerations of Sn(132, 2341, ωk) for k ≤ 6.
We will use the following identities, whose proofs we omit.
∞∑
n=0
Fn+kx
n =
Fk−1x+ Fk
1− x− x2
(k ≥ 2) (36)
∞∑
n=0
(
n+ 1
k
)
xn =
xmax(k−1,0)
(1− x)k+1
(k ≥ 0) (37)
We begin with Sn(132, 2341, ω3).
Proposition 5.3 For all n ≥ 1,
|Sn(132, 2341, ω3)| = Fn+2 − 1. (38)
Proof. This result is proved in [23], but for completeness we give a proof here. Observe that
g3(x) = 1−
1
1− x
+
F1x+ F2
1− x− x2
.
Now (38) is immediate from (36) and (37). ✷
We also give a bijective proof of (38).
Theorem 5.4 For all n ≥ 1, there exists a constructive bijection between Sn(132, 213, 2341)
and the set of tilings of a 1× (n+1) rectangle with tiles of size 1× 1 and 1× 2 using at least
one 1× 2 tile.
Proof. Suppose we are given such a tiling. We construct its corresponding permutation as
follows. Replace the rightmost 1 × 2 tile with a 1, and fill the (necessarily 1 × 1) tiles to
the right of the 1 with 2, 3, . . . from left to right. Now fill the rightmost empty tile with the
smallest numbers available, placing them in the tile from left to right in increasing order.
Repeat this process until every tile is filled. It is routine to verify that this map is invertible,
and that the permutation constructed avoids 132, 213, and 2341, as desired. ✷
Example 5.5 Under the bijection given in the proof of Theorem 5.4, the permutation
87564123 corresponds to the tiling ✷ ✷ ✷✷ ✷ ✷✷ ✷ ✷ and the permutation 86745321 cor-
responds to the tiling ✷ ✷✷ ✷✷ ✷ ✷ ✷✷.
Proposition 5.6 For all n ≥ 1,
|Sn(132, 2341, ω4)| = Fn+5 −
(
n + 1
2
)
− 2
(
n + 1
1
)
− 2. (39)
Moreover,
∞∑
n=0
|Sn(132, 2341, ω4)| =
1− 3x+ 3x2 + x3 − x4
(1− x− x2)(1− x)3
. (40)
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Proof. To obtain (40), set k = 4 in (35) and use (34) to simplify the result. To obtain (39),
observe that
x4 − x3 − 3x2 + 3x− 1
(x2 + x− 1)(1− x)3
=
F4x+ F5
1− x− x2
−
2
1− x
−
2
(1− x)2
−
x
(1− x)3
.
Now (39) is immediate from (36) and (37). ✷
We omit the proofs of the next two propositions, since they are similar to the proof of
Proposition 5.6.
Proposition 5.7 For all n ≥ 2,
|Sn(132, 2341, ω5)| = 3Fn+5 − 2
(
n+ 1
3
)
− 4
(
n + 1
2
)
− 3
(
n + 1
1
)
− 14. (41)
Moreover,
∞∑
n=0
|Sn(132, 2341, ω5)|x
n =
1− 4x+ 6x2 − 2x3 − x4 + 3x5 − x7
(1− x− x2)(1− x)4
.
Proposition 5.8 For all n ≥ 2,
|Sn(132, 2341, ω6)| = 5Fn+6+Fn+4−4
(
n+ 1
4
)
−7
(
n + 1
3
)
−5
(
n + 1
2
)
−27
(
n + 1
1
)
−8. (42)
Moreover,
∞∑
n=0
|Sn(132, 2341, ωk)|x
n =
1− 5x+ 10x2 − 8x3 + x4 + 5x5 + x6 + x7 − 2x8
(1− x− x2)(1− x)5
.
We now consider another way of replacing two of the forbidden subsequences in Simion
and Schmidt’s result (1) with longer permutations. We begin by setting some notation.
Definition 5.9 For all nonnegative integers a and b we write µa,b to denote the permutation
in Sa+b given by
µa,b = b+ a, b+ a− 1, . . . , b+ 1, 1, 2, . . . , b
and we write ha,b(x) to denote the generating function
ha,b(x) =
∞∑
n=0
|Sn(132, 3241, µa,b)|x
n.
We now give a recurrence relation for h0,b(x).
Proposition 5.10 Let b denote a positive integer. Then
h0,1(x) = 1 (43)
and if b ≥ 2 then
h0,b(x) = 1 +
xh0,b−1(x)
1− x− . . .− xb−1
. (44)
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Proof. To obtain (43), observe that µ0,1 = 1; only the empty permutation avoids 1.
To obtain (44), first observe that the empty permutation avoids 132, 3241, and µ0,b.
For n ≥ 1, observe that every permutation pi ∈ Sn(132, 3241, µ0,b) for which pi(n) = n
has the form p˜i, n, where p˜i ∈ Sn−1(132, 3241, µ0,b−1), and the resulting map is a bijection
between Sn−1(132, 3241, µ0,b−1) and the set of permutations in Sn(132, 3241, µ0,b) which end
with n. Similarly, observe that if 1 ≤ i ≤ b − 1 and i < n then every permutation pi ∈
Sn(132, 3241, µ0,b) with pi(i) = n has the form n − i + 1, n − i + 2, . . . , n, p˜i, where p˜i ∈
Sn−i(132, 3241, µ0,b), and the resulting map is a bijection between Sn−i(132, 3241, µ0,b) and
the set of permutations in Sn(132, 3241, µ0,b) in which n is in the ith position. Finally,
observe that if pi ∈ Sn avoids 132 and 3241 and pi(i) = n for i ≥ b then pi does not avoid
µ0,b. Combine these observations to find
h0,b(x) = 1 + xh0,b−1(x) +
(
b−1∑
i=1
xi
)
(h0,b(x)− 1) .
Solve this equation for h0,b(x) to obtain (44). ✷
We now give a recurrence relation for ha,b(x).
Proposition 5.11 Let a and b denote positive integers. Then
ha,b(x) =
1− 2x+ xha−1,b(x)
(1− x)2
. (45)
Proof. First observe that the empty permutation avoids 132, 3241, and µa,b. For n ≥
1, observe that every permutation pi ∈ Sn(132, 3241, µa,b) for which pi(n) = n has the
form p˜i, n, where p˜i ∈ Sn−1(132, 3241, µa,b), and the resulting map is a bijection between
Sn−1(132, 3241, µa,b) and the set of permutations in Sn(132, 3241, µa,b) which end with n.
Similarly, observe that if 1 ≤ i ≤ n− 1 then every permutation pi ∈ Sn(132, 3241, µa,b) with
pi(i) = n has the form n− i+ 1, n− i+ 2, . . . , n, p˜i, where p˜i ∈ Sn−i(132, 3241, µa,b), and the
resulting map is a bijection between Sn−i(132, 3241, µa−1,b) and the set of permutations in
Sn(132, 3241, µa,b) in which n is in the ith position. Combine these observations to find
ha,b(x) = 1 + xha,b(x) +
x
1− x
(ha−1,b(x)− 1).
Solve this equation for ha,b(x) to obtain (45). ✷
We now use (44) and (45) to obtain explicit enumerations of Sn(132, 3241, µa,b) for various
small values of a and b.
Proposition 5.12 For all n ≥ 1,
|Sn(132, 3241, µ0,3)| = Fn+2 − 1. (46)
Moreover,
∞∑
n=0
|Sn(132, 3241, µa,b)|x
n = 1 +
x
(1− x)(1− x− x2)
. (47)
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Proof. This result is proved in [23], but for completeness we give a proof here. To obtain
(47), first use (43) and (44) to find
h0,2(x) =
1
1− x
.
Now set b = 3 in (44) and use the last equation to simplify the result, obtaining (47). To
obtain (46), observe that
x
(1− x)(1− x− x2)
=
F1x+ F2
1− x− x2
−
1
1− x
.
Now (46) is immediate from (36) and (37). ✷
We also give a bijective proof of (46).
Theorem 5.13 For all n ≥ 1 there exists a constructive bijection between Sn(132, 3241, µ0,3)
and the set of tilings of a 1× (n+1) rectangle with tiles of size 1× 1 and 1× 2 using at least
one 1× 2 tile.
Proof. Suppose we are given such a tiling. To construct the corresponding permutation, we
consider two cases: the rightmost tile is 1× 2 or the rightmost tile is 1× 1.
If the rightmost tile is 1 × 2, then first place a 1 in the rightmost tile. Now fill the
rightmost empty tile with the smallest available numbers, placing them in the tile from left
to right in increasing order. Repeat this process until every tile is filled.
If the rightmost tile is 1× 1, then let m denote the number of 1× 1 tiles to the right of
the rightmost 1× 2 tile. Place an m in the rightmost 1× 2 tile. Fill the (necessarily 1× 1)
tiles to the right of the rightmost 1× 2 with the numbers m− 1, m− 2, . . . , 1, m+ 1, in this
order. Now fill the rightmost empty tile with the smallest available numbers, placing them
in the tile from left to right in increasing order. Repeat this process until every tile is filled.
It is routine to verify that this map is invertible, and that the permutation constructed
avoids 132, 3241, and µ0,3. ✷
Example 5.14 Under the bijection given in the proof of Theorem 5.13, the permutation
7563214 corresponds to the tiling ✷ ✷✷ ✷✷ ✷ ✷ ✷ and the permutation 897564321 corre-
sponds to the tiling ✷✷ ✷ ✷✷ ✷ ✷ ✷ ✷✷.
We omit the proofs of the remaining propositions in this section, since they are similar
to the proof of Proposition 5.12.
Proposition 5.15 For all n ≥ 1,
|Sn(132, 3241, µ0,4)| =
1
2
(2F3,n+3 + F3,n+2 + F3,n − 2Fn+4 + 1) . (48)
Moreover,
∞∑
n=0
|Sn(132, 3241, µ0,4)| = 1 +
x− x2 + x4
(1− x)(1− x− x2)(1− x− x2 − x3)
.
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Proposition 5.16 For all n ≥ 1,
|Sn(132, 3241, µ0,5)| =
1
6
(14F4,n+4 + 8F4,n+3 + 4F4,n+2 + 2F4,n − 6F3,n+6 − 3F3,n+5 − 3F3,n+3 + 6Fn+5 − 1) .
Moreover,
∞∑
n=0
|Sn(132, 3241, µ0,5)|x
n =
1 +
x− 2x2 + 2x4 + 2x5 − x6 − x7
(1− x)(1− x− x2)(1− x− x2 − x3)(1− x− x2 − x3 − x4)
.
Proposition 5.17 For all n ≥ 1,
|Sn(132, 3241, µ1,3)| = Fn+5 −
(
n+ 1
2
)
− 2
(
n+ 1
1
)
− 2. (49)
Moreover,
∞∑
n=0
|Sn(132, 3241, µ1,3)|x
n =
1− 3x+ 3x2 + x3 − x4
(1− x)3(1− x− x2)
.
Comparing (49) with (39) we find that for n ≥ 1,
|Sn(132, 3241, µ1,3)| = |Sn(132, 2341, ω4)|.
This is no surprise, however, since Sn(132, 2341, ω4) is precisely the set of inverses of the
elements of Sn(132, 3241, µ1,3).
Proposition 5.18 For all n ≥ 1,
|Sn(132, 3241, µ2,3)| = Fn+8 −
(
n + 1
4
)
− 3
(
n+ 1
3
)
− 4
(
n+ 1
2
)
− 9
(
n+ 1
1
)
− 11. (50)
Moreover,
∞∑
n=0
|Sn(132, 3241, µ2,3)|x
n =
1− 5x+ 10x2 − 8x3 + x4 + 4x5 − 2x6
(1− x)5(1− x− x2)
.
Proposition 5.19 For all n ≥ 1,
|Sn(132, 3241, µ1,4)| =
1
2
(F3,n+5 + 2F3,n+4)− Fn+7 +
1
2
(
n + 1
2
)
+
3
2
(
n+ 1
1
)
+ 5. (51)
Moreover,
∞∑
n=0
|Sn(132, 3241, µ1,4)|x
n =
1− 4x+ 5x2 − x4 − x5 + x7
(1− x)3(1− x− x2)(1− x− x2 − x3)
.
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6 Extended Restrictions
Let R denote a set of permutations. In this section we describe a method of building sets
of forbidden subsequences from R for which the associated sets of restricted permutations
can be easily enumerated in terms of |Sn(R)|. We then use this method to produce some
specific enumerations, several of which involve Fibonacci numbers or k-generalized Fibonacci
numbers. We begin by describing our technique for building on R.
Definition 6.1 Suppose α ∈ Sn−1 and β ∈ Sn. We say β is an extension of α whenever α
is the permutation obtained by removing n from β. We observe that every permutation in
Sn has exactly n+ 1 extensions.
Definition 6.2 Let R denote a set of permutations. We write E(R) to denote the set of
permutations pi such that pi is an extension of an element of R, and we refer to E(R) as the
extension of R. More generally, we write E0(R) = R and for any k ≥ 2 we define Ek(R)
inductively, so that Ek(R) = E(Ek−1(R)).
Our results in this section are based on the following observation.
Theorem 6.3 Let R denote a set of permutations. Then for all n ≥ 1,
Sn(E(R)) = E(Sn−1(R)). (52)
Moreover, for all k ≥ 0,
|Sn(E
k(R))| =
n!
(n− k)!
|Sn−k(R)| (n ≥ k) (53)
and
|Sn(E
k(R))| = n! (0 ≤ n < k). (54)
Proof. To obtain (52), suppose pi′ ∈ Sn−1, pi is an extension of pi
′, and σ′ ∈ Sm. Observe
that pi′ contains a subsequence of type σ′ if and only if there exists an extension σ of σ′ such
that pi contains a subsequence of type σ. Now (52) is immediate.
To obtain (53), we argue by induction on k. Since E0(R) = R, the result is immediate
for k = 0. Now observe that every permutation in Sn has exactly n+1 extensions, and every
permutation in Sn+1 is the extension of exactly one permutation in Sn. Therefore, using (52)
and induction we find
|Sn(E
k(R))| = |E(Sn−1(E
k−1(R)))|
= n|Sn−1(E
k−1(R))|
=
n!
(n− k)!
|Sn−k(R)|,
as desired.
To obtain (54), observe that every permutation in R has length at least k, so Sn(R) = Sn
when n < k. ✷
We now give several applications of this theorem.
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Proposition 6.4 For all k ≥ 0 and all n ≥ k,
|Sn(E
k(123, 132, 213))| =
n!
(n− k)!
Fn+1−k.
In particular, for all n ≥ 1,
|Sn(1234, 1243, 1423, 4123, 1324, 1342, 1432, 4132, 2134, 2143, 2413, 4213)|= nFn.
Proof. Set R = {123, 132, 213} in (53) and use (1) to simplify the result. ✷
Proposition 6.5 Let R denote one of the following sets of permutations.
{123, 1432}; {123, 2143}; {123, 2413}; {132, 1234}; {132, 2134};
{132, 2314}; {132, 2341}; {132, 3241}; {132, 3412}
For all k ≥ 0 and all n ≥ k,
|Sn(E
k(R))| =
n!
(n− k)!
F2(n−k)−1. (55)
Proof. In [37] West shows that for each of the sets listed, Sn(R) = F2n−1. Combine this
with (53) to obtain (55). ✷
Proposition 6.6 (see Guibert [11]) Fix τ ∈ S3. For all k ≥ 0 and all n ≥ k,
|Sn(E
k(τ))| =
n!
(n− k + 1)!
(
2n− 2k
n− k
)
. (56)
Proof. It is well known that for all τ ∈ S3 we have Sn(τ) = Cn, where Cn =
1
n + 1
(
2n
n
)
is
the nth Catalan number. Combine this with (53) to obtain (56). ✷
7 Generalizations of Simion and Schmidt Involving Larger
Sets of Restrictions
Let R denote a set of permutations. Up to this point we have singled out those R for
which |Sn(R)| can be expressed in terms of Fibonacci numbers or k-generalized Fibonacci
numbers. Put another way, we have considered those R for which |Sn(R)| is closely related
to certain linear homogeneous recurrence relations with constant coefficients. In this section
we describe a family of sets of permutations such that if R is a set in the family then |Sn(R)|
satisfies a linear homogeneous recurrence relation with constant coefficients. We begin with
some terminology.
Definition 7.1 Let k and l denote positive integers such that l ≤ k and let a1, . . . , al denote
a sequence of positive integers. We say a permutation σ ∈ Sk agrees with a1, . . . , al to length
j whenever σ(i) = ai for 1 ≤ i ≤ j. If σ(1) 6= a1 then we say σ agrees with a1, . . . , al to
length 0.
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We now define our sets of forbidden subsequences.
Definition 7.2 Let k and l denote positive integers such that l ≤ k and let a1, . . . , al denote
a sequence of positive integers. We write Rka1,...,al to denote the set of permutations in Sk
such that σ ∈ Rka1,...,al whenever one of the following holds.
1. σ agrees with a1, . . . , al to length l.
2. There exists i, 0 ≤ i ≤ l − 1, such that σ agrees with a1, . . . , al to length i and
σ(i+ 1) < ai+1.
The sequence |Sn(R
k
a1,...,al
)| satisfies a certain linear homogeneous recurrence relation with
constant coefficients.
Theorem 7.3 Let k and l denote positive integers such that l ≤ k and let a1, . . . , al denote
a sequence of positive integers in which a1, . . . , al−1 are distinct. Then for all n < k we have
|Sn(R
k
a1,...,al
)| = n! (57)
and for all n ≥ k we have
|Sn(R
k
a1,...,al
)| =
l∑
j=1
(k − aj − ηj)|Sn−j(R
k
a1,...,al
)|, (58)
where ηj = {i | ai > aj and i < j} for 1 ≤ j ≤ l.
Proof. To obtain (57), observe that Rka1,...,al ⊆ Sk, so Sn(R
k
a1,...,al
) = Sn when n < k.
To prove (58), we first set some notation. For any j, 0 ≤ j ≤ l, let Pn,j denote the set
of permutations pi ∈ Rka1,...,al such that pi(i) = n − k + ai for 1 ≤ i ≤ j. We observe that
Pn,0 = Sn(R
k
a1,...,al
). We also observe that if pi ∈ Sn satisfies pi(i) = n− k + ai for 1 ≤ i ≤ l
then the subsequence n− k+ a1, n− k+ a2, . . . , n− k+ al of pi, together with the remaining
elements of pi which are greater than n − k, forms a pattern in Rka1,...,al . Therefore Pn,l is
empty.
We make the following claim concerning Pn,j.
Claim One For all j, 0 ≤ j ≤ l − 1,
|Pn,j| = (k − aj+1 − ηj+1)|Sn−j−1(R)|+ |Pn,j+1|, (59)
where ηj = {i | ai > aj and i < j} for 1 ≤ j ≤ l.
Assuming for the moment that claim one holds, we complete the proof of (58). Set j = 0
in (59) and recall that Pn,0 = Sn(R
k
a1,...,al
) to find
|Sn(R
k
a1,...,al
)| = (k − a1 − η1)|Sn−1(R
k
a1,...,al
)|+ |Pn,1|.
Now use (59) with j = 1 to eliminate |Pn,1| in the last equation. Repeat the process to
obtain
|Sn(R
k
a1,...,al
)| =
l∑
j=1
(k − aj − ηj)|Sn−j(R
k
a1,...,al
)|+ |Pn,l|.
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Since Pn,l is empty, (58) follows.
Proof of Claim One. First observe that Pn,j+1 ⊆ Pn,j, so we restrict our attention to those
pi ∈ Pn,j for which pi(j + 1) 6= n− k + aj+1. We consider two cases: pi(j + 1) < n− k + aj+1
and pi(j + 1) > n− k + aj+1.
Suppose pi(j+1) < n−k+aj+1. Then the subsequence n−k+a1, n−k+a2, . . . , n−k+
aj , pi(j+1) of pi, together with the remaining elements of pi which are greater than n−k+1,
forms a pattern in Rka1,...,al. This contradicts the fact that pi avoids every pattern in R
k
a1,...,al
,
so there is no pi ∈ Pn,j for which pi(j + 1) < n− k + aj+1.
Suppose pi(j+1) > n− k+ aj+1. Observe that if there exists i, 1 ≤ i ≤ j, for which pi(i)
participates in a pattern in Rka1,...,ak , then that pattern must involve all of those entries of pi
which are greater than n − k. For instance, that pattern must involve pi(1), pi(2), . . . , pi(j),
since each of these is greater than n − k. Similarly, such a pattern must involve pi(j + 1),
since pi(j + 1) > n − k + aj+1 > n − k. However, because pi(j + 1) > n − k + aj+1,
there is no pattern in Rka1,...,al whose first j + 1 entries have the same relative order as
pi(1), . . . , pi(j + 1). Therefore if pi ∈ Pn,j and pi(j + 1) > n − k + aj+1 then pi has the form
n−k+a1, n−k+a2, . . . , n−k+aj, r, p˜i, where n−k+aj+1 < r ≤ n and p˜i is a permutation
of the remaining numbers which avoids Rka1,...,al. Since there are k − aj+1 − ηj+1 choices
for r, and |Sn−j−1(Ra1,...,al)| choices for p˜i, the number of permutations pi ∈ Pn,j for which
pi(j + 1) > n− k + aj+1 is equal to (k − aj+1 − ηj+1)|Sn−j−1(Ra1,...,al)|. Now (59) follows. ✷
Simion and Schmidt’s result (1) is a special case of Theorem 7.3. To see this, first observe
that R32,2 = {123, 132, 213}. In view of this, we set k = 3, l = 2, a1 = 2, and a2 = 2 in (58)
to obtain
|Sn(123, 132, 213)| = |Sn−1(123, 132, 213)|+ |Sn−2(123, 132, 213)|
for n ≥ 3. Since F2 = 1! and F3 = 2!, we find that |Sn(123, 132, 213)| = Fn+1 for n ≥ 1.
Theorem 7.3 has many other interesting special cases. We conclude this section by
mentioning just a few of them.
Proposition 7.4 ([22, Thm. 1]) Let k denote a positive integer and fix a such that 1 ≤ a ≤
k. Then for all n ≥ k − 1,
|Sn(R
k
a)| = (k − 1)!(k − a)
n−k+1. (60)
Proof. Set l = 1 and a1 = a in (58) to find
|Sn(R
k
a)| = (k − a)|Sn−1(R
k
a)|
for n ≥ k. Combine this with (57) to obtain (60). ✷
Proposition 7.5 For all n ≥ 1,
|Sn(1234, 1243, 1324, 1342, 1423, 1432, 2134, 2143, 2314, 2341)|= pn + pn−2,
where pn is the nth Pell number, which is defined by p0 = 0, p1 = 1, and pn = 2pn−1 + pn−2
for n ≥ 2.
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Proof. For notational convenience, we abbreviate
bn = |Sn(1234, 1243, 1324, 1342, 1423, 1432, 2134, 2143, 2314, 2341)|.
Setting l = 2, k = 4, a1 = 2, and a2 = 3 in Theorem 7.3 we find that bn = 2bn−1 + bn−2 for
n ≥ 4. Since pn + pn−2 = n! for n = 1, 2, 3, the result follows. ✷
For more information on the Pell numbers, see [1], [4, pp. 122–125], [8], and [13].
We conclude the paper with one more generalization of Simion and Schmidt’s result (1).
Proposition 7.6 Let k denote a positive integer such that k ≥ 3. Then for all n ≥ k,
|Sn(R
k
k−1,k−1)| = (k − 2)!(Fn−k+4 + (k − 3)Fn−k+2).
Proof. Consider the sequence xk−2, xk−1, . . . in which
xn = |Sn(R
k
k−1,k−1)|.
By (57) the first two terms in this sequence are (k − 2)! and (k − 1)!. By (58) this sequence
satisfies xn = xn−1 + xn−2 for all n ≥ k. Now consider the sequence yk−2, yk−1, . . . in which
yk−2 = (k−2)!, yk−1 = (k−1)!, and yn = (k−2)!(Fn−k+4+(k−3)Fn−k+2) for n ≥ k. Clearly
xk−2 = yk−2 and xk−1 = yk−1. Moreover, it is routine to verify that yn = yn−1 + yn−2 for all
n ≥ k. Therefore yn = xn for all n ≥ k, as desired. ✷
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